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^r^ Abstract. V. V. Fedorchuk has recently introduced dimension functions K- 

dim < K-Ind and L-dim < L-Ind, where K is a simplicial complex and L is 
a compact metric ANR. For each complex K with a non-contractible join 
\K\ * \K\ (we write \K\ for the geometric realisation of K), he has constructed 
first countable, separable compact spaces with K-dim < K-Ind. 

In a recent paper we have combined an old construction by P. Vopenka with 
a new construction by V. A. Chatyrko, and have assigned a certain compact 

, , space Z(X, Y) to any pair of non-empty compact spaces X, Y. In this paper we 

investigate the behaviour of the four dimensions under the operation Z(X, Y). 

r K This enables us to construct examples of compact Frechet spaces which have 

K-dim < LT-Ind, L-dim < L-Ind, or K-Ind < |LT|-Ind, and (connected) com- 

<^h ponents of which are metrisable. In particular, given a natural number n > 1, 

an ordinal a > n, and any metric continuum C with L-dim C — n, we obtain 

• a compact Frechet space Xc, a such that L-dim Xc, a = n , L-Ind Xc. a — a, 
and each component of Xc, a is homeomorphic to C. 

If L * L is non-contractible, or n — 1 and L is non-contractible, then C can be 
a cube [0, l] m for a certain natural number m — m(n, L). 

oo 

Introduction 

All considered topological spaces are T\ and completely regular. Let K be a fixed 
(finite) simplicial complex, \K\ its geometric realisation, and L a (compact metric) 
,-h ANR. We assume that \K\ and L are non-contractible^ 

V. V. Fedorchuk (6]-[9] has begun the investigation of dimensions^] i^-dimX, 
L-dim X, i^-IndX, L-IndX of normal spaces X. There is a far reaching analogy 
between the theories of K-dim./ K-lnd, L-dim/L-Ind, and the classical dim/Ind. 
In particular, K-dim X < K-Ind X, L-dim < L-IndX, K-dim X = \K\-dimX, 
and K-Ind X < \K\-lndX ii X is normal. Moreover K-Ind X = |K|-IndX if X is 
hereditarily normal, and all the four dimensions for K and \K\ coincide if X is 



X 
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If \K\ or L were contractible, then the considered dimension functions would be trivial (they 
would assign zero to each non-empty normal space) . 

2 Note that Fedorchuk [5J [S] has defined /C-dim, £-dim, /C-Ind, £-Ind for collections K, and C 
which consist of simplicial complexes and ANR's, respectively. However, in the present paper 
each of K, and C has exactly one element, K or L, and we write Lf-dim, L-dim, LT-Ind, L-Ind. 
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2 J. KRZEMPEK 

metrisable. In |H], for each natural number n > 2 and each simplicial complex K 
with a non-contractible join \K\ * \K\ , Fedorchuk has constructed a first countable, 
separable compact space X n such that K-dm\X n = n < 2n—l < K-IndX n < 2n. 

Henceforth, let K-Ind and L-Ind denote the transfinite extensions of Fedor- 
chuk's K-Ind and L-Ind. 

In the joint paper [2j with M. G. Charalambous we have constructed first count- 
able and separable continua S n<a such that K-dim S Hta = n and i^-Ind S n>a = a, 
where n > 1 is any natural number, a > n is any ordinal of cardinality at most c, 
and moreover n = 1 or the join \K\ * \K\ is non-contractible. This may be 
considered as a partial solution to the following. 

Problem. Let n be a natural number, a an ordinal, and 1 < n < a. 

(a) Under what circumstances do there exist compact spaces with L'-dim = n and 
K-Ind = a? 

(b) Can all components of such a space be metrisable? 

(c) What about L-dim and L-Ind ? 

In |10] we have combined constructions by P. Vopenka [12J and V. A. Chatyrko 
[3j, and have assigned a compact space Z(X, Y) to any pair of non-empty compact 
spaces X, Y. Each component of Z(X, Y) is homeomorphic to a component of 
lor F. This has allowed us to construct compact Frechet spaces Xc, a such 
that dim Xc t a = n, trindXc jQ , = trlndXc^ = a, and all components of Xc <a are 
homeomorphic to C, where C is any metric continuum with dimC = n < oo and 
a > n is any ordinal ([10, Theorem 5]). 

In the present paper we investigate the behaviour of Fedorchuk's dimensions un- 
der the operation Z(X,Y). We prove that L-dimZ(X, X) = L-dimX (the same 
holds for K), and under mild assumptions on X, L-lnd Z (X , X) = L-IndX + 1. 
We use transfinite induction, and answer the questions (b, c) together by con- 
structing examples of spaces satisfying L-dim = n and L-Ind = a in all cases 



without obvious obstructions (see the Abstract, Theorem 4.6, and Corollary 4.8). 

In the case of Lf-Ind we encounter serious difficulties because it often happens 
that K-lndZ(X, X) = L'-IndX. We distinguish two sorts of spaces X which 
satisfy the equality L'-IndX = a weakly or strongly, and we formalise this by 
defining the dimensional strength degree K-strX e {0, 1}. We confine ourselves 
to the case of K = dA k , the simplicial complex that consists of the proper faces 
of a fc-dimensional simplex A k . We show that the spectrum of <9A fc -str on the 
class of compact metric spaces is {0, 1}. We prove that if <9A fc -str X = 1, then 
dA k -lnd Z(X, X) = <9A fc -Ind X + 1. 

Our approach enables us to obtain the following examples. Let C be a metric 
continuum and n > 1. Then there exists 

• a compact Frechet space Xq with <9A fc -dim Xq = n, <9A fc -Ind Xq — n+ 1, and 
components homeomorphic to C whenever k > 1 and dimC = k(n + 1) — 1 (in 
this case <9A fc -dimC = n and <9A fe -strC = 1); 
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• a compact Frechet space Xq such that <9A fc -dim Xc = dA k -IndXc = n while 
|<9A fe |-IndX(7 —n + 1, and each component of Xc is homeomorphic to C — this 
example needs the assumptions that k>2 and dim C = kn (then dA k -dimC = n 
and<9A fe -strL7 = 0). 

Using the latter series of examples, we answer Fedorchuk's [8, Question 3.1] in the 
negative: the equality K-Ind = \K\-Ind is not true outside the class of hereditarily 
normal spaces. 

Acknowledgement. I sincerely thank Michael G. Charalambous for his contri- 
bution to joint work preceding this paper, for correspondence and apt remarks, 



particularly an idea that made the original proof of Theorem 2.9 much simpler 



1. Notation, basic definitions and facts 

In this paper maps and their extensions are meant to be continuous. A contin- 
uum is a non-empty, connected compact space. By N we denote the set of natural 
numbers, and G N is also the first ordinal. We write A m for the one-point com- 
pactification of the discrete space of cardinality m, and jjl G A m is the unique non- 
isolated point. In most cases we employ the terminology used in R. Engelking's 
monographs [HE]. 

We write K for a (finite) simplicial complex with distinct vertices eo, • • • , &k in 
a Euclidean space, \K\ for the geometric realisation of K (the underlying polyhe- 
dron), and L for a (compact metric) ANR. We assume that both \K\ and L are 
non-contractible. A k stands for the /c-dimensional simplex with vertices eo, . . . , e&, 
and dA k for the simplicial complex that consists of all at most (k — ^-dimen- 
sional faces of A k . Of course, \K\ is always an ANR, and |<9A fc | is homeomorphic 
to the sphere S k ~ x . By {0, 1} we denote dA 1 , a simplicial complex that has two 
vertices and no edge. 

Let X be a space, A C X, and / : A->La map. An open set U C X is called 
an L-neighbourhood of / in X provided that / has an extension from U to L. 
Then P — X\U is called an L-partition in X for /. Since L is an ANR, every map 
f ' : F — >■ L from a closed subset F of a normal space X has an L-neighbourhood 
and an L-partition in X . 

We adopt a convention, by which we use calligraphic letters A, B, etc. to denote 
[k + 1) -tuples (Aq, . . . , Ak), (B , . . . , Bk), etc. of subsets of any given space X. A 
(k+ l)-tuple A of X is said to be open [respectively: closed] if Aq, . . . , Ak are open 
[respectively: closed] in X. We write cl^4 = (clv4 , . . . , clAk), A\E = (A C\E, . . . , 
A k fl E) for any subset E of X, f(A) = (f(A ), . . . , f(A k )) for a map / defined 
on X, etc. A (k + l)-tuple A is called a K-tuple provided that, if / C {0, . . . , k} 
and f] ieI Ai ^ 0, then {e^ : i G 1} is the vertex set of a certain simplex in K. We 
write |J^4 = (J i=0 Ai. If A is an open A-tuple of X, we call P = X \ [J A the 
K -partition corresponding to A; if moreover B^ C Ai for i — 0, . . . , A;, we say that 
A is a K -neighbourhood of B and P is a K-partition for B. 
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We shall frequently use this simple corollary to |4J Theorem 7.1.4]: Every closed 
K -tuple of a normal space has a K -neighbourhood U such that c\lA is a K -tuple. 

Definition 1.1 (Fedorchukj [6, Definition 3.4]). Let M be a simplicial complex. 
For normal spaces A, the dimension M-dim AgNU{ — 1, oo} is defined as follows. 

(a) M-dim A = -1 iff A is empty. 

(b) When n EN, M-dim X < n iff for each sequence of closed M-tuples F°, . . . , F r ' 
of X there are M-partitions P % for J 3 , i — 0, . . . , n, so that HiLo ^ % = ^- 

(c) M-dim X = min{n G N: M-dim X < n}, where X ^ and min0 = oo. 

See Fedorchuk [6, Section 1] for information about the join X * Y of compact 
spaces X, Y. At this place, let us recall these two facts: (X*Y)*Z is X*{Y*Z) up 
to homeomorphism, and if X, Y are ANR's, then so is X * Y . The join X * ... * X 
of n copies of X will be denoted by X* n . 

Definition 1.2 (cf. Fedorchuk [El Definition 3.9, Corollary 3.13] and [HI Definition 
1.14]). Let M be an ANR. Then M-dim A G NU{-1, oo}, where X is any normal 
space, is defined so that it satisfies the statements (a, c) of Definition |1 . 1| and the 
following statement (b') instead of (b). 

(b') When n G N, M-dim A < n iff every map /: F — > M*^ n+1 ^ from a closed 
subspace F of X has an extension from X to M*( n+1 \ |j 

Definition 1.3 (cf. Fedorchuk [8, Definition 2.1] and Definition 2.16]). Let M 
be a simplicial complex. The inductive dimensions M-Ind AG OrdinalsU{ — 1, oo} 
is defined for normal spaces A as follows. 

(a) M-Ind A = -1 iff A is empty. 

(b) When a is an ordinal, M-IndA < a iff for every closed M-tuple J 7 of A 
there is an M-partition P such that M-IndP < a. 

(c) M-IndA = min{a: M-IndA < a}, where A ^ and min0 = oo. 

Definition 1.4 (cf. Fedorchuk [8, Definition 2.3] and Definition 2.14]). Let M 
be an ANR. For normal spaces A, the dimension M-IndA G Ordinals U { — 1, oo} 



is defined so that it satisfies the statements (a, c) of Definition |1.3 and the 
following statement (b') instead of (b). 

(b') When a is an ordinal, M-IndA < a iff for every map /: F — > M from a 
closed subset F of A there is an M-partition P such that M-IndP < a. 



See the remark in Footnote 2 

The author prefers the following equivalent statement. 

(b") When n 6 N, M-dim X < n iff for every n + 1 maps /,; : Fi — > M, i = 0, . . . , n, where each 
Fi C X is closed, there is an M-partition P l in X for each fi such that n"=o ^" = ^ ( c ^- 



Theorem 1.31] and Theorem 1.7 herein). 

However yet more, we prefer to avoid unnecessary analysis of the definition and extensions. 

Fedorchuk's original K-IndX and L-IndX in [S] are natural numbers, — 1, or oo. Following 
[2], we allow both K-IndX and L-IndX to be an infinite ordinal. 
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It is evident that {0, l}-dimX = dimX and {0, l}-IndX = trlndX for normal 
spaces X, no matter whether we treat {0, 1} as a simplicial complex or as an ANR. 
Let us recall the following well-known facts on homotopy equivalence. 

Theorem 1.5 (J. E. West [13J). Every compact metric ANR is homotopy equiv- 
alent to a compact polyhedron. □ 

Theorem 1.6 (Fedorchuk (6, Proposition 4.5] and [9, Theorem 3.3]). If ANR 's 
L\ and L 2 are homotopy equivalent, then 

Li-dm\X = L 2 -dimX and Li-IndX = L 2 -IndX 

for every normal space X . □ 

It follows from the foregoing two theorems that when we investigate relations 
between the four dimensions i^-dim, L-dim, i^-Ind, and L-Ind, it is sufficient to 
consider only simplicial complexes K and their geometric realisations L = \K\. 

Theorem 1.7 (Fedorchuk [6, 8, 9j). Suppose that X is a normal space. Then 

K-dimX = \K\-dimX and K-lndX < |ff|-IndX 

If X is hereditarily normal, then 

K-lndX = \K\-IndX. 

If either K -dim X or K -hid X is finite, then 

K-dimX < K-IndX. 

If X is metrisable and i^-dimX is finite, then all four of the dimensions of X 
coincide. 

Remarks on proofs. All of the inequalities and equalities have been shown by 
Fedorchuk. The equality i^-dimX = |i^|-dimX is [6, Theorem 4.8]. 

The inequality K-lndX < \K\-IndX is [8, (3.1)] and Theorem 2.22]. One 
can also prove it easily using 0, Lemma 6] and induction on a = |i^|-IndX. 

The inequality |i^|-IndX < i^-IndX for hereditarily normal spaces X is in 
[HI Theorem 2.22] (cf. also [HI Theorem 2.4]). To prove it, one can also apply [21 



Lemma 7] (Lemma 2.3 herein) and induction on a = f^-IndX. 



The other assertions are [8j Theorems 3.18 and 3.23]. □ 

The topic of dimension-lowering maps for i^-dim and L-dim is more complex 
than in the case of dim (see [61 Section 7]). However, there is 

Theorem 1.8 (cf. Fedorchuk [8, Theorem 3.24]). If X is a compact space, then 
L-dimX = sup{L-dimP: P is a component of X}. 



Proof. By Theorems 1.5 and 1.6 it is sufficient to consider L = \K\. Theorem 1.7 
yields the equalities |f^|-dimX = i^-dimX and |i^|-dimP = i^-dimP for each 
component P of X. Consider the decomposition T> of X into the components of X 
and the quotient map q: X — > X/V. The quotient space X/V is compact and 
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dim X/D = unless X is empty. The requested equality results from Fedorchuk's 
[SI Theorem 3.24] applied to q. D 

Theorem 1.9. Suppose that k, n > 1 are natural numbers, and X is a metric 
space. Then 

dA k -IndX<n iff |<9A fc |-dimX < n iff dimX < kn. 



Proof. The former equivalence results from Theorem L7 The latter for n = 1 is 
the well-known theorem on extending maps to spheres (see |5l Theorem 3.2.10]). 

We shall apply this theorem by Fedorchuk [6., Theorem 5.7 and Corollary 5.16]: 
A metric space X has L-dimX < n G N iff there are subspaces Xq, . . . , X n of X 
such that X = X U . . . U X n and L-dimXj < for i = 0, . . . , n. 

Let n > 1 and L = \dA k \. Then |<9A fc |-dimX < n iff X = X U . . . U X n _ x 
and |<9A fe |-dimX, < for % = 0, . . . , n — 1. These last inequalities are equivalent 
to dimXj < k, and in turn, to the statement that Xj = X® U . . . U X i _1 and 
dimXf < for j = 0, . . . , k-1 (by [5, Theorem 4.1.17]). Thus, |<9A fc |-dimX < n 
iff X is the union of at most kn subspaces X\ with dimX| = 0, i.e. iff dimX < kn 
(again by [5j Theorem 4.1.17]). □ 

Suppose that U is an open X-tuple of a space X. We say that an element x G X 
is a K -obstruction point forU provided that U has no X-neighbourhood V with 
x G U V. We write X-obsW for the set of X-obstruction points for U. Clearly, 
K-dbslA does not intersect \JlA. 

Let us note the following simple observation. 

Lemma 1.10. Consider K = dA k . Then 

<9A fc -obsw = n d fn Uj) 

for every open dA k -tuple U = (Uq, . . . , Uk). 

Proof. Assume that x ^ dA k -obsU, i.e. x G |J V for a certain <9A fc -neighbourhood 
V = (V , . . . , V k ) of U.Iixe V h then x £ cl(n o <,< fc ,^) C cl(n o <,< fel ^^) 
as V is a <9A fc -tuple. Thus, x does not belong to the intersection of closures. 

Assume there is an % such that x (jL cl(no<i<fc j&Uj)- Then there is a neigh- 
bourhood W 3 x disjoint from f| 0< <fc j+ftr The union Vi = UiUW and the sets 
Vj = Uj, j 7^ i, form a <9A fc -neighbourhood V of U, and hence, x G" dA k -obsU. D 

Considering the dimension X-Ind, we distinguish two ways, in which a space X 
may be a-dimensional. We define the dimensional strength degree X-str X G {0, 1} 
as follows. Let < a = X-IndX < oo. We put X-str X = (X is weakly a- 
dimensional) when every closed X-tuple of X has a X-neighbourhood U with 
K-obsU = and K-Ind(X\\jU) < a. Otherwise, we put X-str X = 1 (i.e. X is 
strongly a-dimensional when < a = X-Ind X < oo and there is a closed X-tuple 
whose every X-neighbourhood hi with X-Ind(X \\}IX) < a has K-obsU ^ 0). 
By abuse of notation, we write X-str X = when a is — 1, 0, or oo. 
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In the next section we prove that the above distinction is material at least 
for some X's: if 1 < n G N and 2 < k G N, then — for instance — the following 
cubes have <9A fc -Ind[0, l} kn = dA fc -Ind[0. l] fc fo+i)-i = n> dA fe -str[0, l} kn = 0, and 
dA fc -str[0, i] k (n+i)-i = i ( c f Theorem|L9|and Propositions |2~7[J2~8l). On the other 



hand, in the case when k — 1 and X = {0, 1}, even/ normal space X with trlnd X 
being a successor ordinal has {0, l}-strX = 1. Indeed, let a = trlnd X > 0, and 
suppose on the contrary that {0, l}-strX = 0. Take arbitrary disjoint closed sets 
F ,Fi C X. Then, the {0, l}-tuple (F ,Fi) has a {0, l}-neighbourhood (U ,Ui) 
with P = X\(£7oU£/i), trlnd P < a-1, and {0, l}-obs{U , U x ) = cU7 ncll7i = 0. 
Hence, there exists a partition Q between cl Uq and cl U\ with trlnd Q < a — I, and 
we have shown that trlnd X < a — 1. A contradiction. Therefore {0, l}-str X = 1. 
Finally, the Smirnov compactum S Uo (i.e. the one-point compactification of the 
topological sum ©^[0, 1]') has trlnd S UQ = u and {0, l}-str S UQ = 0. 
Using the definition of K-str, one easily proves the following. 

Proposition 1.11. Suppose that A is a closed subspace of a normal space X . If 
K-Ind A = K-Ind X and K-str X = 0, then K-str A = 0. D 

2. General lemmas 
In this section we collect miscellaneous properties of Fedorchuk's dimensions, 



prove a combinatorial analogue (Corollary |2.5) of Yu. T. Lisitsa's theorem [TT] 



on partial extensions of maps into spheres (Theorem 2.4 herein), investigate the 
<9A fc -str of metric spaces, and prove the theorem on the dimensions of a product 
with a compact discontinuum. 

Proposition 2.1 (cf. Fedorchuk (3, Theorem 2.5], Charalambous and Krzempek 
[21 Corollary 2]). Let n > 1 be a natural number. If n = 1 or the join L * L is 
non-contractible, then there is a natural number m such that L-dim[0, l] m = n. 

Proof. If L * L is non-contractible, we are done by Fedorchuk's pj Theorem 2.5]. 
Assume that n — 1 and L * L is contractible. Then every normal space X has 
L-dimX < 1 by Fedorchuk's Proposition 2.3]. In view of Theorems |1.5| and 



1.6, it is sufficient to consider L = \K\ C [0, l] m 1 . As \K\ is non-contractible, a 
certain map from \K\ x {0, 1} to \K\ does not have an extension from \K\ x [0, 1] 

to \K\. Therefore, < \K\-dim(\K\ x [0, 1]) < |K|-dim[0, l] m < 1 = n. □ 

The following lemma is an L-Ind analogue of [2, Proposition 1]. 

Lemma 2.2. Let X be a normal space, and F C X be closed. If L-IndF = and 
L-IndE < a for each closed subset E C X disjoint from F, then L-IndX < a. 

Proof. Take any map g: G — > L, where G C X is closed. Since L-Ind-F = 0, we 
infer that g has an extension from G U F to L. As L is an ANR, we now obtain 
a neighbourhood U of G U F with an extension g' : U — > L of g. Let V G X be 
an open set with G U F G V G clV G U . Since L-Ind(X \ V) < a, there is an L- 
partition P in X \ V for the restriction g'\ bd V, where L-Ind P < a. This means 
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that ?cl\ciy, and g'\ bd V has an extension g" : X \ (V U P) ->■ L. Finally, 
(g'\ clV) U g" : X \ P — > L extends g, and we have shown that L-IndX < a. □ 

Recall that any x G \K\ can be uniquely written in the form x = Y2i=o x i e ii 
where the barycentric coordinates x$, . . . ,x k are non-negative real numbers with 
Yli=o x i = 1- P u t Ki = {x E \K\ : Xi > ^rfj}, and note that /C = (K , . . . , K^) is 
a closed .fC-cover of \K\. 

Lemma 2.3 ([2, Lemma 7]). Suppose that f : F — > |iC| zs a map /rom a closed 
subset F of a normal space X . If the K -tuple / -1 (/C) has a K -neighbourhood 
that covers X , then f has an extension from X to \K\. □ 

Theorem 2.4 (Lisitsa [TTj : see also [5, Problem 1.9.D]). Let fc > 1, ro > -1 

be integers, and X a normal space. If each map f : F — > S k ^ 1 from any closed 
subset F of X has an extension from X\P to S k ^ 1 , where P C X is closed, does 
not meet F, and dimP < m, then dimX < k + m. □ 

Corollary 2.5. Let k > 1, m > — 1 be integers, and X a normal space. If every 
closed dA k -tuple of X has a dA k -partition P such that dimP < m and the 
complement X \ P is a normal space, then dimX < k + m. 

Proof. In order to use Lisitsa's theorem, take a map / : F — > |<9A fc |, where F C X 
is closed. Consider the closed <9A fc -cover T = f~ l {1C) of F. If T has a <9A fc -neigh- 
bourhood U such that the corresponding <9A fc -partition P = X\[JU satisfies the 
inequality dimP < m and U = [JU is normal, then / extends to a map f : U —¥ 



dA | by Lemma 2.3 Therefore, dimX < k + m by Lisitsa's theorem. □ 



It is clear why the extension Lemma |2.3 and the upper bound of the covering 



dimension in Theorem 2.4 need a normality assumption. The natural range of 



applications of Corollary 2.5 is the class of hereditarily normal spaces. In view of 
[21 Lemma 6], the corollary implies Lisitsa's theorem for any hereditarily normal 
space X. They both should be compared with [SI Problems 2.2.B] — it is easily 



checked that they all three together imply Theorem 1.9 We do not know if either 
the hereditary normality or the normality of the complement in the corollary is a 
necessary assumption. 

Lemma 2.6. Suppose that X is a metric space, U is an open K -tuple of X , and 
P = X \{JU is the corresponding partition. If Ind K-obsU < IndP G N, then 
U has a K -neighbourhood whose corresponding partition Q has IndQ < IndP. 

Proof. Write m = Ind P. At first, we shall prove the lemma under the assumption 
that K-obsU = 0. Then, let 

Wi = {J{Vi : V = (Vb, • • • , V k ) is a iT-neighbourhood of U.} 

for i — 0, . . . , k. Since K-obsU = 0, the sets Wi form an open cover of X, and the 
cover has a closed shrinking that consists of sets F t C W- For each i, there exists 
an open set W[ such that F { C W[ C c\W( C W t and Ind(P n bd W/) < m (0 
Theorem 4.1.13]). Let W^ = W^ and W," = W!\d(W^\J. . .U^i) for < i < fc. 
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Prom the two facts that the sets W[ cover X and bd W" C bd Wq U . . . U bd W[, 
we infer that Q = P \ (Wg U . . . U W£) C P n (bd W' Q U . . . U bd W£). We obtain 
Ind Q < m by the countable sum theorem ((5j Theorem 4.1.9]). As easily checked, 
the unions Vi = Ui U W" form a X-neighbourhood V of £Y, and Q = X \ (J V. 

Assume that IndX-obsW < m. Let Xo = X \ X-obsW and Pq = P\ K-obsU. 
Then, U has no /^-obstruction points in Xo, and by the first part of the proof, 
there exists a X-neighbourhood V of U in Xo with the corresponding X-partition 
Qo = X \ (J V and Ind Qo < m - Now, Q = Q U X-obs W corresponds to V in X, 
and Ind Q < m by the countable sum theorem. □ 

The foregoing lemma is also true when X is a strongly hereditarily normal space 
(see (5, Definition 2.1]). To prove this, one applies the statements 2.2.4, 2.3.6 
and 2.3.7] instead of theorems on dimension in the class of metric spaces. 

Proposition 2.7. Let k>l andm>0. If X is a metric space with dim X>k+m, 
then there exists a closed dA k -tuple J 7 of X such that every dA h -neighbourhood U 
of J 7 satisfies the following alternative: dim<9A fc -obsW = m or the corresponding 
d 'A k -partition P = X \{JU has dimP > m. 

In particular, if n > 1 and dimX = k(n + 1) — 1, then <9A fc -IndX = n and 
<9A fc -strX = 1. 



Proof. Let X be metric, and dimX > k + m. By Corollary 2.5, there is a closed 
<9A fc -tuple J 7 whose every <9A fc -neighbourhood U has dim(X \ IJZY) > m. Thus, 



if P = X \{JU and dimP = m, then dini( 9A fc -obs£Y = m by Lemma 2.6 

If dimX = k(n + 1) — 1, then Theorem 1.9 implies that <9A fc -IndX = n. For 
m = kn — 1 > 0, let J 7 be a closed <9A fc -tuple whose every <9A fc -neighbourhood 
hi satisfies the stated altern ativ e. If P = X \{JU has <9A fc -IndP < n, then 



dimP < kn — 1 by Theorem 1.9 , and dim<9A fc -obsW = kn — 1. This means that 
dA fc -strX = l. □ 

Proposition 2.8. Let k > 2 andn > 1. If X is a metric space with dimX = kn, 
then <9A fc -IndX = n and <9A fc -strX = 0. 



Proof. If X is metric and dimX = kn, then <9A fc -IndX = n by Theorem 1.9 

Take a closed <9A fc -tuple J 7 of X, and find an open <9A fc -neighbourhood V of J 7 . 
There is an open set W with [jJ^cWCclWclJV and dimbdW < kn. Put 
^ = ViHW for i = 0, ... , jfe-1, U k = (V k nW)U(X\c\W), and P = bd W. Using 
Lemma 1.10 and the inequality k > 2, one easily checks that (9A fc -obs£/ = for 



U — (Uq, • • • , Uk). Finally, we obtain dA -IndP < n by Theorem 1.9 Therefore 



<9A fc -str X = 0. □ 



In Propositions |2.7f]2.8| we have shown that if k > 2 and 1 < n G N, then there 
are two degrees to which a compact metric space X may have <9A fe -IndX = n. 
Maybe there are more such (similar) degrees, but at this moment we have neither 
good motivation nor good examples, which could help us to identify and point 
out appropriate combinatorial properties of spaces in terms of X-neighbourhoods 
and X-partitions. 
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The formulas (a) and (c) in the next statement are generalisations of P. Vopen- 
ka's theorem fF2\ p. 320] on the classical Ind. 

Theorem 2.9. If X and Y are compact spaces and dimX = ; then 

(a) X-Ind(X xY) = K-lnd Y, 

(b) K-str(X xY) = K-stiY, and 

(c) L-Ind(X x Y) = L-lndY . 

Proof, (a) Evidently X-Ind(X x Y) > K-IndY. We prove "<" by induction on 
a = K-Ind Y. If a = — 1, we are done. Assume that a > 0. Write nx '■ X x Y — y 
X and 7Ty : X x F — y Y for the projections. Take a closed X-tuple J 7 of X x Y. 
For any point X G X consider the sets ixy{F fl r n x l {x)) C Y, i = 0, . . . ,k. For 
this closed X-tuple of Y, take a X-neighbourhood U x whose corresponding K- 
partition P x has K-Ind P x < a. Since Y is compact, ttx is a closed map and the 
image ftx{F \ {X x C/f)) ^ a; is a closed subset of X for each z. Hence, there is a 
neighbourhood P9i such that Fi Dti x 1 (V x ) C X x U x for each i. Take a finite 
clopen refinement {W s : s 6 S 1 } of {V™: x G X} consisting of disjoint sets. For 
each s fix a point x s with W s C ^ Xs . We have Fi C\ir x l (W s ) C W x U Xs for each 
i and s. The sets [/j = Uses ^ S x ^f"; * = 0, . . . , fc, form a X-neighbourhood W 
of J-. Note the fact, which will be needed in a while, that 

(*) ifK-ohsU x ° = for each s G S, then K-obsU = 0. 

By the obvious induction hypothesis, K-lnd(W s x P Xs ) < a for each s. Finally, 
P = (X x Y) \\JU = [j s&s l WS x pXs ) is a ^-partition for F, and X-IndP < a. 
We have shown that X-Ind(X x Y) < a = X-IndF. 



(b) In view of Proposition 1.11 we infer that if X-str(X X Y) = 0, then 
K-stiY = 0. The converse becomes justified when analysing the proof in the 
previous paragraph, we moreover consider the implication (*). 

(c) Again L-Ind(X x Y) > L-lndY. Write a = L-lndY. If a = -1, the 
equality (c) holds. Assume that a > 0. Consider the Hilbert cube Q = [— 1,2] K ° 
equipped with the metric g((si)^l , (ti)^l ) = Yl'i^o^~ t \ s i ~ Mi and assume that 
L C [0, 1] N °. There exists a neighbourhood R C Q of L with a map r: R —y L 
such that r(t) — t for t G L. Let e = inf {p(s,t) : s G L, t G Q\ R}. Take an 
arbitrary closed set F C X x Y with a map / : F —y L. Since L is an ANR, there 
exists an open neighbourhood U of F with an extension g: clU — y L of /. For 
each point x G X, consider the open set f/ x = 7Ty(C/ fl 71"^- (#)), the closed set 
G x = 7Ty(clC/ fl flj^a;)), and the map g x : G X ^ L, g x (b) = g(x,b) for 6 G G 1 '. 
In K there is an L-partition P x for g x with L-Ind P x < a and with an extension 
ip x : y \ P x — y L of g x '. As 7i"x is a closed map, irx{F \ (X x U x )) j$ x is closed 
in X. There is a neighbourhood N x of x with Pfl7r^- 1 (clX :r ) C X x U x . Writing 
as usually (s*)~o ± (**)^o = ( s * =•= ^)£o> we set 

cT: 7c x 1 {x)U(Fmr x 1 (clN x )) -> [-l,lf°, 

g(a,b) - g(x,b) for (a, 6) G F n tt^cIX 



^M)" ^ fora = x,6GF. 



x \ 



') 
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The function d x is correctly defined and continuous. Let e x : Ix7-> [— f , 1] N[) be 
an extension of d x . Consider the point o — (0,0, . . .) G Q, the open ball B(o, e), 
and the closed set ttx[{X x7)\ (e x ') _1 (B(o, e))} ^ x. There is a neighbourhood 
yx (- j\jx Q £ x w ith tt x 1 (V x ) C (e :E ) _1 (B(o, e)). Again, we take a finite clopen 
refinement {W s : s G S} of { Y x : x G X}, where the sets W s are pairwise disjoint. 
We fix points x s with W s C Y Xs , and we obtain FC\n^}(W s ) C IY S x U Xa . By the 
obvious induction hypothesis, L-Ind(W s x P Xs ) < a for each s, and L-IndP < a 
for P = Use5(^ S x P Xs )- There remains to observe that the map 
cp: (X x Y)\P->L, 

if (a, b) = r(ij Xs (b) + e Xs (a, b)) for o G W s and b G Y \ P Xs 

is correctly defined and extends /. Indeed, ip Xs (b) + e Xs (a, 6) G P since ip Xs (b) G 
L C [0,l] Ko and e x °(a,b) G [-1, 1] K ° DB(o,e). If (a, 6) G P n ^(W), then 
6 G f/ Xs C G^ 3 , ^ Xs (6) + e Xs (a, 6) = g(x s ,b) +d Xs (a,b) = g(a,b) G L and <p(a,b) = 
g(a, b) = /(a, 6). Therefore, P is an L-partition for /, and L-Ind(X x Y) < a. □ 

The foregoing proof also works in the case when X is paracompact and P-Ind Y, 
L-IndY are integers (we need a compact Y and dimX = 0, of course). 

3. Spreading out compact spaces in a plank 

Any suitably chosen subspace of a product or a product itself is sometimes 
called a plank. We shall additionally compress one of the product's faces into one 
of the factors. 

Suppose that X and Y are non-empty compact spaces. We shall recall the 
definition of the space Z(X, Y), and investigate its properties (cf. [10J). To begin, 
write Sx for the family of all subsets of X that are either finite (so G Sx), 
or homeomorphic to A# . Let m > max{K , (wX) + , (wY) + , cardiSx}, where wX 
and w Y denote the weights of X and Y, and put M = A m x X x Y. Let ir 1 : M — > N 
be the quotient map that compresses sets {(fi,x,y) G M: y G Y} for all x G X 
into points — here N is the compact quotient space. 

Given any function ip: A m \ {/i} — > Sx such that card^^S 1 ) = m for every 
S G Sx, we put 

H(a) = { ^({P} X X X y ) fora = /i, 

7T! ({a} x <f (a) x Y) for «//j, and 



Z{X,Y) = \J H(a) 

^-^ rvP A~ 



(We slightly change the notation originating in 

Proposition 3.1 ([10, Section 1]). Z(X, Y) is a compact space. Every component 

of Z(X,Y) is homeomorphic to some component of X or Y. If X and Y are 

Frechet spaces, then so is Z(X,Y). □ 



The following results from Theorem |1.8[ 
Lemma 3.2. L-dimZ(X, Y) = max{L-dimX,L-dim Y}. □ 
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Write ttx '■ ZiX, Y) — > X and 7r^ m : ZiX, Y) — > A m for projections, i.e. the 
unique maps such that -Kx{Ki(a,x,y)) = x and T^A m {^i{.ot,x,y)) = a for every 
(a,x, y) E Tx^ x iZ(X, Y)). Note that 7r^ 1 (a) = H(a) for a E A m , the restriction 
7Tx\H(fi) is a homeomorphism onto X, and iY(a) is homeomorphic to <p(a) x Y 
for every q^/i. A base of neighbourhoods of a point 7r 1 ( y u, x, y) G i? (/J,) consists 
of sets of the form n^ 1 (A) fl n x (U), where /i£Ac A m , the complement A m \ A 
is finite, and U C X is a neighbourhood of x. 

The space Z(X, F) depends on the choice of m, but this is insignificant in the 
present paper. The dependence on ip is superficial because another function ip 
with caid.ip~~ l (S) = m for S E Sx would yield a new space homeomorphic to the 
former ZiX, Y). Indeed, there would be a function £: A m \ {/i} — > A m \ {fi} such 
that (p — ip o £. The homeomorphism in question would have fixed points of the 
form 7Ti(/i, x, y), and would carry 

H(a) 3 7Ti(a,x,y) i — > ni{£{a),x,y) E n x {{^{a)} x ip(£(a)) x Y) 

for every a 7^ \x. In particular, when {i E A C A m and card(A m \ A) < m, we can 
think that — roughly speaking — tt^ 1 (A) has the same properties as Z(X, Y). On 
the other hand, given a non-empty closed set F C X, we can consider the function 
X'- A m \ {/i} —¥ Sf, x( a ) — F fl <p(o>), and it turns out that tt x 1 (F) has the form 
of a Z(F, Y) Cn 1 (A m x F xY). 

The following statement is a simple modification (with the same proof) of [TO] 
Lemma 1]. 

Lemma 3.3. If G C Z(X,Y) is a Gs-set (so, also if G is open), then there is 
a set A C A m such that \x E A, card(yl m \ A) < ma.x{wX, Ko}, and 

n A l(A)nn x \n x (GnH(ri))cG. D 

4. Compact spaces with L-dim < L-Ind, where L is an ANR 

We go on to investigate the behaviour of L-Ind under the operation Z(X, Y). 

Lemma 4.1. L-lndZ(X,Y) < max{L-IndX + l,L-IndF}. 

Proof. Take a closed subset F of Z = ZiX, Y) and a map /: F — > L. Since L is 
an ANR, there exists a neighbourhood U of F with an extension g : U — >■ L of /. 
The restriction 7Tx|-ff(/-0 is a homeomorphism onto X, and hence, there are open 
subsets Vq, V\ of X such that 

7r x (FnH(n)) cVoCclVoC V 1 E c\V 1 C tt x (U n #(//)). 

Observe that F \ tt^ (Vo) and 7r^ 1 (cl Vl) \ C/ are closed subsets of Z, and none of 
them meets H(/j,). Their images under 7iA m do not contain /i, and being closed, 
are finite. Thus, 

A = A m \ [n Am (F \ iCx\V )) U ^(^(cl V 1 ) \ U)} 3 p 

is clopen in A m . Moreover 

Fnn^(A) C Tr^(Vo) and ir?(dVi) n *£{A) C U. 



DIMENSIONS MODULO AN ANR AND MODULO A SIMPLICIAL COMPLEX 13 

For each S G S x , let x s G S be the limit of S whenever S is infinite. Choose a 
point Iq G L. For each a £ A\ {/x}, we shall define an extension g' a : H(a) — > L of 
the restriction 5f|(7r^ 1 (Vo)ni7(a)). Consider 5 = <p(pt). There are two cases. (1) If 
<p(a) is finite or a^ (a) G V u then Vi D 5 is clopen in S 1 and W a = if (a) n ^(Vi) 
is clopen in Z. (2) If a;^( a ) ^ Vi, then Vo fl S is clopen in S 1 , and we put W a = 
H(a) fl "K x (Vo). Since PVq C U in both cases, we can set 

J t y \ _ / #0) for * e W a, 

9a{ } \ l for z G if (a) \ W a . 



L-lndH(a) = L-lndY for a ^ // by Theorem gc). If a G A m \ A, then 



in H(a) we take an L-partition P a with L-IndP a < L-IndF for the restriction 
f\(F fl H(a)). This means that F fl H(a) C ii(a) \ P a and there is an extension 
f a :H(a)\P a ^Loif\(FnH(a)). 
Since v4 m \ A is finite, the set 

(t) P=(H^)\7r x \Vo))u\J P a 

is closed in Z and L-IndP < max{L-IndX + 1, L-IndF}. It is an L-partition for 
/ because the function 

( g(z) forzeirZWnirJiyo), 

f'(z) = I g' a (z) for z G H(a), where fi =£ a G A, and 
[ f a (z) for z G H(a) \ P a , where a e A m \A, 

is correctly defined on Z \ P, continuous, and extends /. □ 

Lemma 4.2. Suppose that X is a non-empty, compact Frechet space, F C B C 
X are closed, and f : F — > L zs a map £/ta£ does noi extend to a map from B to L. 
Let G = tt x 1 (F) fl -H"(/x) and g — f o (itx\G) : G —¥ L. If P is an L-partition in 
Z = Z(X, Y) for g, then one of the following conditions is satisfied: 

(a) B n int n x (P n H(fi)) ^ 0; 

(b) there is an a ^ fx such that (p(a) G S x is infinite and 7r^ 1 (a) r\ir x 1 (x' p ( a >) C 
P, where x^^ G Bflip(a) zs the limit point of (p(a) (and the intersection of 
the point-inverses is homeomorphic to Y) . 

Proof. We need Borsuk's homotopy extension theorem in the following formula- 
tion: Suppose that fi,f2- F — > L are homotopic maps from a closed subspace F 
of a compact space B into an ANR L. Then f\ has an extension from X to L iff 
/2 has such an extension (cf. [5j Lemma 1.9.7 and its proof]). 

By West's Theorem 1.5| there exists a polyhedron \K\ with maps 71 : L — > \K\ 



72 : \K\ — > L such that 7207! ~ id^ (the composition is homotopic to the identity 
id.L on L) and 71 o 72 ~ idim- Evidently / ~ 72 o / -/ 1 o /. It follows from the 
homotopy extension theorem that 71 o / does not extend to a map from B to \K\. 
Moreover, each L-partition in Z for g is a \K\ -partition for 71 o /o (tt x \G). Thus, 
we can assume without loss of generality that L = \K\, and f, g are maps into \K\. 
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Consider the closed i^-cover K of \K\ (see the definition before Lemma 2.3), 
and take an open swelling U of /C such that c\U is a X-tuple of \K\. 

Take any |iT| -partition P C Z\G for g, and assume that the interior int 7ix(P(~~\ 
H(fi)) does not meet B. Let g': Z \ P — > \K\ be an extension of g. Consider the 
open K-cover V = g'~ l {U) of Z\P. Remembering that nx\H(fi) is a homeomor- 
phism onto X, write W = 7tx(V\H(n)) and note that W is a .^-neighbourhood 
of / _1 (/C). In B choose an open swelling "H of (cl W)|-B. We have B = |J"H since 
B C c\n x (H(fi)\P) = \Jc\W. It follows that (clW)|-B is not a X-tuple (in the 
other case, "H would be a .^-neighbourhood of / _1 (/C), and / would have an ex- 
tension from B to |i^| by Lemma 2.3 ). Therefore, there is an Xq G B D Hie/ c ^ ^ 



where J C {0, . . . , k} and the simplex with vertices e*, i & I, does not belong 



to if. For each i E I, take a sequence 5j C 
and put 5 = {xq} U Ui=o •%■ By Lemma 



'Vj converging to xq (X is Frechet), 
there is a set A C A m with fi E A, 



|3.3 , 

card(v4 m \A) < m, and 7r^(A)n7r^ 1 (W i ) C V* for each i e L As ca,rd(p~ 1 (S) = m, 
we can find an a G A \ {/i} such that y(a) = S. 

If i G /, then every point 7Ti(a, Xo,y) G 71"! ({a} x {xo} X Y) is the limit of the 
sequence 7Ti({a} x Si x {y}) C T^ = </ _1 (£/j). If we had 7ri(a, zco, J/) ^ -P, then we 
would obtain g'(TCi(a, Xq, y)) G cl U{ for ie J, and Hie/ °1 ^t would be non-empty. 
As clW is a K-tuple, we infer that 7T^ 1 (a) fl 7T^ (xo) = 7Ti({a} x {xo} xY)cP. 
Finally, we can write x v ^ a ' = Xq. □ 

Let X be a normal space and b G X. Bearing in mind the convention that oo 
is bigger than any ordinal, we define 

L-Indb+X = min{a: there is a neighborhood U of b with L-Indc\U < a}. 

Note that if B C X is closed and b G B, then L-Ind 6+ B < L-Ind fe+ X < L-IndX. 

Lemma 4.3. Suppose that X is a non-empty, compact Frechet space, and B is 
a closed subspace of X . Let z G H(fi) be any point such that c = ttx{ z ) £ B and 
L-Ind c+ B > 1. If L-Indb+ X > a for each b G B, then 

L-Ind z+ Z(X, Y) > min{a, L-IndF} + 1. 

Proof. It suffices to show that L-lnd(n A l(A) H ^(cl U)) > min{a, L-IndF} + 1 
for any base neighbourhood n^ 1 (A) fl ir x (U) of z, where /ifAc A m , A m \ A is 
finite, and U is a neighbourhood of c. Let V 3 cbe open in X and cl V C U. We 
have L-Ind(-Bncll^) > 1 as L-Ind c+ B > 1 , and there is a closed set F C -B fl cl V 
with a map / : F — > L that does not have an extension from i? fl cl V^ to L. Let 
G = 7r^ 1 (F) fl i?(//) and g = f o (nx\G). Take an arbitrary L-partition P for g 
in tt^A) n7r x \clU), which has the form of Z(clU,Y) C tt^A x c\U x Y). By 



Lemma 4.2, two cases may arise. (1) Some b G -B fl cl V is an interior point of 
7T X (-P n HJjjl)) in cl U. Then there is a neighbourhood Wc^flix^n #0")) of 
b in X. In consequence, L-IndP > L-Ind(7r^ 1 (cl W) fl H(p)) = L-IndclW > a 
because P-Ind{, + X > a. (2) P contains a homeomorphic copy of Y, and then 
L-IndP > L-IndY. Thus, L-IndP > min{a, L-Ind Y } in both cases, which 
proves the lemma. □ 
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For any normal space X, let us write 

K(X) = {beX: L-Ind b+ X = L-Ind X}. 
Observe that K(X) is a closed subset of X. 

Theorem 4.4. Suppose that X and Y are non-empty compact spaces, and X is 
Frechet. If L-Ind X = L-Ind Y" and L-Ind K(X) > 1, then 

L-Ind Z(X, Y) = L-Ind X + 1. 



Proof. The inequality "<" results from Lemma 4.1 

Assume that L-Ind Lf(X) > 1. The equality L-Ind = is equivalent to 
L-dim = 0. We claim that there is a point c G K{X) with L-lnd c+ K(X) > 1. 
In the other case, using the compactness of K(X), we could cover K(X) by sets 
Ui, . . . , U n open in K(X) and such that L-Ind clLj = for i = 1, . . . ,n. By 
the countable sum theorem for L-dim (Fedorchuk [6, Proposition 5.1]), we would 
obtain L-dim K(X) = = L-lndK(X). A contradiction. Therefore, we can put 



B = K(X) and apply Lemma 4.3 □ 



Lemma 4.5. If X is a separable metric space with L-IndX = nGN, then K(X) 
is non-empty, and L-Ind& + K(X) = n for each b G K(X). 



Proof. Theorem 1 1 . 7| implies that L-dim = L-Ind for closed subspaces of X. X has 
a countable base B, and X \ K(X) is the union of a sequence cl Ui, where Ui G B 
and L-Ind clLj < n for i = 0,1, . . . If we had L-Ind K(X) < n, then we would 
obtain L-Ind X < n by the countable sum theorem for L-dim (Fedorchuk [SJ 
Proposition 5.1]). Thus L-Ind K(X) = n. 

Let b G K(X), and U be a neighbourhood of b in K(X). Using the hereditary 
normality of X, one can find a neighbourhood V of b in X such that U = VT\K(X) 
and clU — clV D K(X). Then L-Ind cl V = n. By the same argument as in the 
first paragraph, we infer that L-Ind c\U = n. Therefore L-Indb + K(X) > n. □ 

Theorem 4.6. Let L be a compact metric ANR. Suppose that C is a metric 
continuum with 1 < n — L-dim C < oo. For each ordinal a > n, there exists a 
compact Frechet space Xc, a such that 

(a) L-dim X c<a = n, 

(b) L-Ind Xc\ a = a, and 

(c) each component of Xc\ a is homeomorphic to C. 

Proof. K{C) is closed in C , and n = L-Indb + K(C) < L-Indt + C < n for each 



b G K(C) (Lemma 4.5 ). By transfinite induction on a, we shall construct compact 
Frechet spaces Xc, a , a > n, and closed subspaces B a C Xc, a such that 

(a) every component of Xc, a is homeomorphic to C; 

(b) B a is homeomorphic to K(C); 

(c) L-Ind Xc, a < «; and 

(d) L-Indft.)- Xc, a > « f° r each b G B a . 
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For a = n, let X n<n = C and B n = K{C), Assume Xq^ ^ B a are compact 
Frechet, and satisfy (a-d). Let X = Y = X c , a , tn = max{(wJ C]a ) + , ca.rdSx Ca }, 
X c , a +i = Z(Xc, a ,X c ,a), and B a+1 = #(//) nn x l (B a ). By Proposition 



3.1 



Xc, a +i is Frechet, and each of its components is homeomorphic to C. The re- 
striction TTx\B a+ i is a homeomorphism onto B a . L-Ind Xc, a +i < a+1 by Lemma 



4.1 



and L-Indb + Xc, a +i > a + 1 for each b G -Ba+i by Lemma 4.3 
Assume that a is a limit ordinal, and there are Xc,/3 D Bp for (3 < a. Let D be 
the one-point compactification of the topological sum ®Q <a Xc,p, and d G D the 
unique point in the remainder. In the disjoint sum of C and D, identify do with a 
point Co G C, and call the resulting space Y. Using the fact that A n is Frechet for 
every n, one routinely checks that Y is Frechet. It follows from Lemma [2. 2| that 
L-Indy = a. Put X = C, m = 2 K ° + (sup{wX c ^ : (3 < a})+, X c , a = Z(X,Y), 
and B a = -k x 1 {K{C))\~\H{ji). Xc a is Frechet, (a, c) are satisfied (see Proposition 



3.1 and Lemma 4.1), and (b, d) are evident. 

The conditions (c, d) yield the equality L-IndXc\ a = a, and L-dimXc iQ , = n 
by Theorem [L8j □ 



Remark 4.7. The construction in the above proof is essentially the same as in 
the proof of Theorem 5 in [10] (see Remarks 3-4 therein) , which yields a compact 
Frechet space Xc, a with dimXc Q = n, trindXc Q = trIndXc )0 , = a, and with 
components homeomorphic to C . The proofs of Lemmas |4.1 and 4.3 in the present 



paper are more complex than the proofs of corresponding Lemmas 6 and 7 in [10J. 
We may add at this place that Lemma 7 in [10J needs one more assumption (nec- 
essary but missed out): the space B in that statement should be a non-degenerate 
continuum (then each component of a non-empty open subspace is uncountable). 



Proposition 2.1 and Theorem 4.6 yield 



Corollary 4.8. Let L be a non-contractible, compact metric ANR, 1 < n G N, 
and let a > n be an ordinal. If n = 1 or the join L* L is non-contractible, then 
there exists a compact Frechet space X n ^ a such that 

(a) L-dimXn.Q, = n, 

(b) L-Ind X n)Ct = a, and 

(c) each component of X„ )Q is homeomorphic to a cube [0, l] m for a certain nat- 
ural number m = m(L, n) . □ 

5. Compact spaces with K-dim. < K-lnd or i^-Ind < |if |-Ind, where 

K IS A SIMPLICIAL COMPLEX 

This section is devoted to the behaviour of i^-Ind under the operation Z(X, Y). 
We obtain inequalities for K-lnd that resemble those in preceding section for 
L-Ind, and we establish conditions in order that K-IndZ(X, X) = i^-IndX or 
K-lndZ(X,X)= K-lnd X + l. 

Lemma 5.1. If J 7 is a closed K-tuple of Z(X,Y), then there is a set A C A m 
such that ft G A, A m \ A is finite, and nxiJ 7 ]^ 1 (A)) is a closed K-tuple of X. 
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Figure 1. Check that W s and J\f x are <9A fe -tuples 
are distinct — this is why we need k > 2). 



i s above 



Proof. Take any closed if -tuple J 7 of Z(X, Y). Then, the if -tuple Ttx{F\ H(/J,)) 
has a if -neighbourhood U in X. Since 7tx{Fi H H(fi)) C [/, for i = 0, . . . , k, we 
have [i $_ Ai = TTA m {Fi \ 7r^ 1 (6 r j)) for each i. Since Aj are closed in A m , they are 
finite. As easily checked, A = A m \ [J i=0 A t has the required properties. 

Lemma 5.2. Suppose thatU is an open K-tuple of X , and K-obsU = 
there is a K -neighbourhood V ofn^}(U) in Z(X,Y) with 



D 
Then 



z(x,y)\\Jv = #(//)W(|Jw) . 



If moreover K = dA h , where k > 2, and c\U is a dA k -tuple, then V can be 
chosen so that <9A fc -obsV = 0. 



Proof. Each 5* G Sx is metrisable, and by Lemma 2.6, the if -tuple U\S = (Uq n 
S, . . . , Uk H S) has a if -neighbourhood V s in 5* which covers S (a direct proof is 
easy, too). Let a//j. Then tcx maps H(a) onto S = ^p(a). The sets 7i^ c 1 (V^' )H 
H(a), i = 0, . . . , k, form an open if-cover of H(a). Now, the unions 



Vi 



7T 



(Ui) u |J 



r<P(<*) 



(n x \Vr a, )nH(a)) 



'a<EA m \{p,} 

form the requested if -neighbourhood V of J- '. 

Assume that k > 2, and clU is a <9A fc -tuple. Then there is a <9A fe -neighbourhood 
W of clW. Take an S G iSx, and let x s G 5* be the limit of 5* if S* is infinite. We 
choose an index i s G {0, . . . , k} so that (1) i s = when 5" is finite or x s G" |J W, 
and (2) x s G Wis when x 5 G |J W. Now, we define a <9A fc -cover W 5 of X by the 
formulas 

W iS \J{X\\\U) fori = i 5 , 

Ui for i ^ i s 

(see Figure [ll in general, Wf s is not open!), and we put V s = W S \S. Since x s is 
the unique non-isolated point of an infinite S, it is easily seen that V^f = S D W^f 
is open in 5*. Hence, V 5 is a <9A fe -neighbourhood of U\S. We define V^'s and V 
by the same formula as in the first paragraph of this proof. 



W- 
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There remains to prove that V has an empty <9A fc -obs V. If z G Z(X, Y)\\JV C 
H(fi), then x = ttx{z) E X \{JU. There are two cases. (A) When x G W^ for 
some index i x , we put N x = W^. (B) When x G" [_} W, we put N x = X \\Jc\U 
and i x = 0. Thus, A^ is an open neighbourhood of x, and the sets 

y!= f ViUTT^iN*) fori = i*, 
1 \ Vi for i 7^ « x ' 

are open in Z(X,Y). We are to show that their intersection is empty. In order 
to check that H(ji) D nf=o K = $> observe that ir x {H{n) H V/) is either [/** U A x 
for i = i x or Ui for i * i x . These fe + 1 subsets of X do not intersect in both cases 
(A) and (B), and we are done. When a * \x and S = 92(a), we have H(a) fl V( = 
H(a) H tt^ 1 (iVf), where 



U { UN X if i = i x * i 5 



Wf x U A x for i = i a 

Wf tori*? \ ~ | £T~^ ^"' to <V {>,<«}■ 

One checks that A/" 11 = (Aq , . . . , N%) is a <9A fc -tuple in both cases (A) and (B), 
and hence H(a) F\f] i=0 V- = 0. Now, we infer that the sets V( form a <9A fc -neigh- 
bourhood of V. Finally, z G" <9A fc -obs V because z G V( x C (jjLo K- D 

As Z(X, y) contains homeomorphic copies of both X and Y, we immediately 
obtain the inequality max{ A-Ind X, A-Ind y} < K-IndZ(X, Y). The following 
theorem contains upper bounds of A-Ind Z(X, Y). 

Theorem 5.3. Suppose that X and Y are non-empty compact spaces. Then 

A-Ind Z(X, Y) < max{A-Ind X + 1, A-Ind Y}. 

If moreover A-str X = 0, then 

K-lndZ(X,Y) = max{A-IndX, A-IndF}. 

Ifk>2 and dA k -lndY < dA k -lnd X + 1 = dA k -Ind Z(X,Y) then 

dA k -str Z(X,Y) = 0. 



Proof. Take a closed A-tuple J 7 of Z = Z(X, Y). Lemma 5.1 yields a set A C A m 
such that /i G A, A m \ A is finite, and ^(^(vA^A)) is a closed A-tuple of A. 
Then there is a A-neighbourhood W of 7Tx(^ r |vr^ 1 (A)) such that c\U is a A-tuple. 
Clearly A-obsW = 0, and writing P = A \ |jw"we obtain A-Ind P < A-Ind A 



5.2 



As A m \ A is finite, we can think that n~^ (A) is a Z(X, y). Hence by Lemma 
r K x l {lA)\ r Kj^{A) has a A-neighbourhood V in 7r^ x (A) with the corresponding A- 
partition Q = H (fi)^^ 1 (\J IX). Thus, Q is a A-partition in n^ 1 (A) for J 7 ]^ 1 (A). 
As 7Tx \Q is a homeomorphism onto P, we have A-Ind Q < A-Ind X. On the other 
hand, H(a) is ho meomorphic to 92(a) xY for a * fi, and A-Ind if (a) = A-Ind Y 



by Theorem 2.9 a). For each a G" A, in if (a) = 7r A (a) there is a A-neighbour- 



hood >V a of T\k-?(<x) such that R a = ix A l(a)\{\W a has A-Ind R a < A-Ind Y. 
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Since A m \ A is finite, the union 

(« *=(nw\*?(\Ju))u\J^R> 

is a /^-partition for J 7 , and K-IndR < max{i^-IndX + lji^-IndF}. We have 
shown the first inequality of the theorem's assertion. 

In the case when K-sti X = 0, only a slight modification of the above proof is 
needed. Indeed, we do not need the i^-tuple clU, but instead, TixiJ 7 ]^ 1 (^)) nas 
a K- neighbourhood U such that K-obsU = and the corresponding i^-partition 
P satisfies the inequality K-lndP < K-Ind X. At the end, we obtain f^-Indi? < 
max{fs:-Ind X, K-Ind Y} and K-Ind Z < max{iT-Ind X, K-Ind Y}. 

If k > 2, K = dA k , and dA k -lndY < <9A fc -IndX + 1 = dA k -IndZ, then we 



make another modification. We take U with the <9A fc -tuple clW, and Lemma 5.2 
yields V with <9A fc -obsV = 0. As <9A fc -IndF < 9A fc -IndX + 1, for a £ A we 
can take any <9A fc -neighbourhood W" in w^ 1 («) of ^I^a 1 ( a ) w ith cl W Q being a 
<9A fc -tuple, in addition. Then <9A fc -obs>V Q = and 8A k -lndR < <9A fc -IndX + 1. 
R is the corresponding <9A fc -partition of the open <9A fc -tuple which consists of the 
sets Vi U UoeAmVA W^ for i — 0, . . . , k, and which does not have <9A fc -obstruction 
points. This completes the proof of the equality <9A fc -str Z = 0. □ 



Proposition 2^ and Theorem 5^ yield 

Corollary 5.4. Let k > 2 and n > 1. If X is a compact metric space such that 
dimX = kn, then 

<9A fc -Ind Z(X, Y) = max{n, <9A fc -Ind Y} 

for every non-empty compact space Y . □ 

Corollary 5.5. Let k > 2 and n > 1. If C is a metric continuum with dimC = 
kn, then Xq = Z(C, C) is a compact Frechet space such that 

(a) dA k -dimX c = dA k -lndX c = n, 

(b) \dA k \-lndX c = n + I, and 

(c) each component of Xc is homeomorphic to C. 

Proof. It follows from Proposition |3.1| that Xc is a compact Frechet space that 
satisfies the statement (c). 

All four of the dimensions <9A fc -dim, |<9A fe |-dim, <9A fc -Ind, and |<9A fc |-Ind of C 
are equal to n by Theorems |1.7| and |1.9| Now, the statements |1.7[ |3.2[ and 5.4 



imply (a). The statement (b) results from 4.4 and 4.5. □ 

Since any simplicial complex K is a triangulation of the polyhedron \K\, we 
may restate Fedorchuk's [8], Question 3.1] as follows: Are the dimensions K-Ind 
and |if|-Ind equal for arbitrary normal spaces? The foregoing corollary shows 
that the answer is no. In the simplest case — for k — 2, n — 1, and [0, l] 2 — we 
obtain <9A 2 -IndZ([0,l] 2 , [0,1] 2 ) = 1 < 2= |<9A 2 |-IndZ([0, l] 2 , [0,1] 2 ). 

The two above corollaries show that if we take a fcn-dimensional compact metric 
space, then one-time use of the operation Z(X, Y) does not allow us to obtain a 
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space with <9A fc -dim < <9A fc -Ind. We could try to iterate the operation. However, 
we even do not know whether d A 2 -sir Z([0, l] 2 , [0, l] 2 ) is 1 or it is 0. Let us write 
T = Z([0, l] 2 , [0, l] 2 ). The values of <9A 2 -Ind Z(T,T) and <9A 2 -IndZ(T, [0, l] 2 ) 
remain unknown. On the other hand, <9A 2 -IndZ([0, 1] 2 ,T) = 1. 

To show that the operation Z(X, Y) sometimes raises the dimension i^-Ind by 
one, we need the following. 

Lemma 5.6. Suppose that X is a compact Frechet space with <9A fc -IndX = a and 
<9A fc -strX = 1. Let J 7 be a dA k -tuple in X, where k > 1. Assume that if U is 
a dA k -neighbourhood of J- ' , and the corresponding d A k -partition P = X \\JlA 
has <9A fc -IndP < a, then <9A fc -obsW ^ 0. Write Q = ^{F^H^). If Q is a 
dA k -partition in Z(X, Y) for Q , then one of the following conditions is satisfied: 

(a) <9A fe -Ind(Q n H(p)) = a; 

(b) there is an a ^ /i such that (p(at) G Sx is infinite and tt^ 1 (a) nn x 1 (x ip ^) C 
Q, where x^ a ' > is the accumulation point of (p(oi) (and the intersection of the 
point-inverses is homeomorphic to Y). 

Proof. Let V be any <9A fc -neighbourhood of Q in Z = Z(X,Y), and Q the cor- 
responding <9A fc -partition. Since ttx\H(ji) is a homeomorphism onto X, assume 
that dA fc -Ind(Q n H(fj)) < a. Hence, U = n x (V\H(fj)) has ^ dA k -obsU. By 



Lemma 1.10, there is a common element x G cl(f > | 0< - <k j+JJj) for i — 0, . . . , k. 



As X is Frechet, for each i there is an infinite sequence Si C flcxjxfc j+Pi ^ na ^ 



converges to Xq. It follows from Lemma 3.3 that there is a set A C A m with 
card(A m \A) < m and ir^A) n ^(f^) C V { for each i. Let S = {x } U |jJ=o 3 i- 
Now, we can find an a G A \ {/i} with <p(a) = S (because cardy9 _1 (S') = m). 
H(a) = 7Ti({a} x S x Y) is homeomorphic to S x Y. Fix an index i for a while, 
and note that 

7n({a} x Si x Y) = 7rl» n ir? fa) C f] Q<i<k ^V r 

We claim that no point of 7Ti({a} x {x^} x Y) belongs to Vi. Indeed, Si converges 
to Xq. If we had 7Ti(a, Xo, y) G VJ, then there would exist a point x G Si such that 
7Ti(o!, x, y) G 1^. In consequence, the intersection of V^'s would be non-empty, and 
V would not be a <9A fc -tuple. Therefore, 7Ti({q;} x {x } x Y) = ir^ 1 (a) fl ir x l (xo) 
does not meet Vi for any i, and is contained in Q. We can write x^^ = Xq. □ 



As a consequence of Theorem 5.3 and the foregoing lemma we obtain 



Theorem 5.7. Let k > 1. Suppose that X and Y are non-empty compact spaces. 
If X is a Frechet space, <9A fc -strX = I, and <9A fc -IndX = <9A fc -IndF ; then 

<9A fc -Ind Z(X, Y) = <9A fc -Ind X + 1. □ 



Lemma 5.6 and Theorem 5.7 hold for each simplicial complex K (a similar 
proof with a more complicated description of the set K-ohsU for arbitrary K). 
The following corollary results from the statements 2.7 5.3 and |5.7 
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Corollary 5.8. Let k > 2 and n > 1. If X is a compact metric space such that 
dimX = k(n + 1) — 1, then 

dA k -lnd Z(X,Y) = n + l and <9A fc -str Z(X, Y) = 

for every compact space Y with dA k -lndY = n. □ 

Corollary 5.9. Let k,n > 1. If C is a metric continuum with dimC = k(n + 
1) — 1, then Xc = Z(C, C) is a Frechet compact space such that 

(a) dA k -dimX c = n, 

(b) <9A fc -IndX c = |<9A fc |-IndX c = n+ 1, 

(c) <9A fe -strXc = whenever k > 2, 

(d) every component of Xc is homeomorphic to C. 



Proof. By Proposition 2.7, we obtain <9A -IndC = n and dA -strC = 1. The 



statement (a) results from Theorem 1.7 and Lemma 3.2| and (b) is a corollary to 



the statements 5.7, 1.7 and 4.1 Corollary 5.8 implies (c), and the application of 
Proposition 3. 1| completes the proof. □ 



Remark 5.10. (a) In the above Corollary 5.9 the metrisable components P 



of Z(C,C) have dA fc -IndP = |<9A fc |-IndP = n < n + 1 = dA k -\ndZ{C C) 



\dA k \-Ind Z(C,C). Thus, <9A fe -Ind and |<9A fe |-Ind analogues of Theorem |1.8| do 
not hold. This is no surprise because there is not such an analogue for the large 
inductive dimension Ind (Chatyrko [3j; see also Krzempek [10j). 



(b) Spaces similar to Z(C, C) in Corollary 5.9 are constructed by Chatyrko [3j 
for k = n=l and C = [0, 1] . The spaces have dim = 1, ind = Ind = 2, and each of 
their components is either a singleton or a subspace homeomorphic to [0, 1]. Also 
for k = 1 and each integer n > 1, similar spaces have been expected in (21 Remark 
5.1]. We believe that if X is a compact metric space with dimX = k(n + 1) — 1, 
where k, n > 1, then Z(X,X) contains compact subspaces Q C P such that 
<9A fc -IndQ = |<9A fc |-IndQ = n, dA k -lndP = |dA fc |-IndP = n + 1, and P \ Q is 
a discrete space of cardinality c (cf. [3J, a construction for k = n = 1 and Ind). 

(c) Suppose that X is a compact metric space with dimX = k(n + l) — l. Then 
|<9A fc |-dimX = n, and X is the union of pairwise disjoint subspaces X , . . . ,X n 
with |<9A fc |-dimXj = for i — 0, . . . ,n (Fedorchuk [6, Corollary 5.16]). Consider 
Z(X, X) and its compact subspaces 

Zi = -P(/i) U I \{H(a) : f(a) is finite or its unique accumulation point is in Xi] 

for i — 0, . . . , n. Evidently Z(X, X) = Zq U . . . U Z n . We shall sketch a proof of the 
equalities dA k -\ad Zi = \dA k \-Ind Zi = n for i — 0, . . . ,k. Therefore, the space 
Z(X,X) with dA k -IndZ(X,X) = \dA k \-IndZ(X,X) = n + 1 is the union of 
n + 1 closed subspaces Zi with <9A fc -IndZj = |9A fc |-IndZj = n. This is similar to 
the properties of several well-known spaces (for instance, Lokucievskh's Example 
2.2.14 in |5J, Chatyrko's spaces in |3J, Charalambous and Chatyrko's examples 
for the dimension Indo in [1]). 
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We have n = <9A fc -Ind X < <9A fc -Ind Z { < |<9A fc |-Ind Z { . The dimension M-Ind 
modulo a simplicial complex M [respectively: modulo an ANR M] is defined simi- 
larly as M-Ind — in order that M-Indo X < a we stipulate that the M-partition P 
in the statement 1.3[ b) [respectively: 1.4[ b')] is a zero set with M-Indo P < a 
(see [21 p. 670]). It is easily shown by transfinite induction that M-Ind < M-Indo, 
and Theorem 1 in [2] may be summarised as follows: K-lndo = |i^|-Indo f or an V 
simplicial complex K and all normal spaces. Thus, we have n < \dA k \-Ind Zi < 
|<9A fc |-Ind Zi = dA k -Ind Zi. It is sufficient to show that <9A fc -Ind Zi < n. 

We need the following claim: For each closed dA h -tuple T of X, there exists a 
d A k -partition P disjoint from Xj. Indeed, Lemma 6 in [2] directly yields a map 
f: {jF^\dA k \with Fj C f-^Kj) for j = 0,...,k 



see the definition of Kj's be- 



fore Lemma 2.3 herein). By Fedorchuk's [HI Proposition 2.7], there is a <9A -parti- 



tion P for / disjoint from Xi, and hence, / has an extension /': X\P — >■ \dA \. 
Since the sets K'j = {iG |<9A fe | : Xj > 0} form a <9A fc -neighbourhood /C' of /C, we 
can take the pre-image <9A fc -tuple / /_1 (/C'). Thus, P is a <9A fc -partition for J 7 . 
Using the above claim, remembering that each closed subset of X is a zero sub- 
set, and modifying the proof of Theorem 5.31 one can show that each closed 



<9A fc -tuple of Zi has a metrisable zero <9A fc -partition P in Zi with <9A fc -Ind P 
<9A fc -Ind P < n. This means that <9A fc -Ind Zi < n. 

(d) Let T = Z(C, C) be the space in Corollary g If k>2, then <9A fc -strT 
and we obtain <9A fc -Ind Z(T, T) = n + 1 by Theorem 5.7 
4.6 we iterate the operation Z(X, Y) 



0, 
In the proof of Theorem 
In the case of <9A fe -Ind for k > 2, we do not 
know whether <9A fc -str Z(T, T) = or d A k -str Z(T,T) = 1. In consequence, for 
k > 2 we do not know if the operation Z(X, Y) allows us to construct compact 
spaces X with metrisable components and <9A fc -IndX > <9A fc -dimX + 1. 



6. Conclusion and open problems 

The theories of inductive dimensions investigate problems which involve parti- 
tioning a given space in some admissible ways. The following two questions arise. 
(1) What closed subsets are sufficient or large enough to partition the space in 
all considered circumstances/ways? (2) How large closed subsets are necessary to 
partition the space? In the case of L-Ind and K-lnd of Z(X, Y), it is sufficient to 
consider L-partitions and i^-partitions which are finite disjoint unions described 
by formulas (m) and (m) on pp. 13 and 19 An answer to the latter question is 
stated by the alternatives (a) or (b) of Lemmas 4.2 and 5.6[ 



In Sections 0] and fi\ we have drawn up two maps of the Z[X 1 Y) spaces' land. 
The difference between the maps has enab led us to detect compact Frechet spaces 
with <9A fe -Ind < |<9A fc |-Ind (Corollary 5.5). We have found a quite exhaustive so- 
lution to the Problem stated in the Introduction in the case of L-Ind, where L is 
a compact metric ANR: for arbitrarily large ordinals a > n, we have constructed 
compact Frechet spaces with L-dim = n, L-Ind = a, and all components metris- 

In the case of i^-Ind, where K 
dA k and a = n + 1 



able (see Corollary 4.8 for necessary obstructions) 



is a finite simplicial complex, we have succeeded only for K 
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(Corollary 5.9). Crucial properties of <9A fc -Ind and <9A fc -str may be summarised 
as follows (Propositions 2.7 2.8, and Theorems 5.3, 5.7). 

Theorem 6.1. Let k,n > 1 be integers. Suppose that X and Y are non-empty 
compact spaces, X is Frechet, and <9A fc -IndX = <9A fc -IndY\ Then the following 
implications hold. 

dimX = kn, where k > 2 dimX = k(n + 1) — 1 

<9A fc -IndX = n and <9A fc -strX = <9A fe -IndX = n and <9A fc -strX = 1 

o a b t ,,/ vl rt <9A fc -str Z(X, Y) = unless k = 1, 

<9A-IndZ(X, Y) = n j x\kr a vfv v\ , 1 r-, 

v 7 and <9A -IndZ(X, Y) = n + 1. □ 

The specific question we are not able to answer is 

Question 6.2. Is it true that <9A 2 -str Z([0, l] 2 , [0, l] 2 ) = 1? 

An answer in the affirmative would give us hopes for finding a proof of the 
equality <9A 2 -str Z(T,T) = 1, where T = Z([0, l] 3 , [0, l] 3 ). Having such a proof, 
we could apply Theorem 5.7 to X = Y = Z(T, T), and state a positive answer to 

Question 6.3. Do there exist a simplicial complex K and a compact space X 
such that the underlying polyhedron \K\ is connected, X-IndX > X-dimX + 1, 
and each component of X is metrisable? 



[1 

[2 

[3 

[4 
[5 

[6 

[7 

[8 

[9 

[10 

[11 
[12 



References 

M. G. Charalambous and V. A. Chatyrko, Some estimates of the inductive dimensions of 
the union of two sets, Topology Appl. 146-147 (2005), 227-238. 

M. G. Charalambous and J. Krzempek, On inductive dimension modulo a simplicial com- 
plex, Topology Appl. 159 (2012), 669-678. 

V. A. Chatyrko, On properties of subsets of [0, u t ] x I> Quest. Answers Gen. Topology 26 
(2008), 97-104. 

R. Engelking, General Topology, Heldermann Verlag, Berlin, 1989. 

R. Engelking, Theory of Dimensions, Finite and Infinite, Heldermann Verlag, Lemgo, 
1995. 

V. V. Fedorchuk, Finite dimensions modulo simplicial complexes and ANR-compacta, 
Mat. Vesnik 61 (2009), 25-52. 

V. V. Fedorchuk, Several remarks on dimension modulo ANR-compacta, Topology Appl. 
157 (2010), 716-723. 

V. V. Fedorchuk, Inductive dimensions modulo simplicial complexes and ANR-compacta, 
Colloq. Math. 120 (2010), 223-247. 

V. V. Fedorchuk, Dimensions K, Tnd and C-Ind. Some answers, Topology Appl. 158 (2011), 
1493-1502. 

J. Krzempek, Components and inductive dimensions of compact spaces, Czechoslovak 
Math. J. 60 (2010), 445-456. 

Yu. T. Lisitsa, On obstructions to the extension of mappings, Sibirsk. Mat. Zh. 20 (1979), 
337-344, 463 (in Russian); English transl.: Sib. Math. J. 20 (1979), 240-245. 
P. Vopenka, On the dimension of compact spaces, Czechoslovak Math. J. 8 (1958), 319-327 
(in Russian). 



24 J. KRZEMPEK 

[13] J. E. West, Mapping Hilbert cube manifolds to ANR's: a solution of a conjecture of Borsuk, 
Ann. of Math. (2) 106 (1977), no. 1, 1-18. 

Institute of Mathematics, Silesian University of Technology, Kaszubska 23, 
44-100 Gliwice, Poland 

E-mail address: j .krzempek@polsl.pl 



